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I n  i t s  nominal a t t i t u d e ,  t h e  AAP C l u s t e r  geometr ic  
Z a x i s  i s  d i r e c t e d  towards t h e  sun. The o r i e n t a t i o n  about  t h e  
Z axis  i s  r e q u i r e d  i n  order t o  a c c u r a t e l y  a c q u i r e  t h e  local  
ve r t i ca l  a t t i t u d e  t o  conduct E a r t h  r e sources  experiments.  Only 
a s i n g l e  s t a r  tracker i s  a v a i l a b l e  t o  provide  a t t i t u d e  r e fe rence  
f o r  determining t h i s  o r i e n t a t i o n .  N o  backup means f o r  a t t i t u d e  
r e f e r e n c e  i s  c u r r e n t l y  def ined.  

A method t h a t  uses  measurements of  CMG angular  
momentum components i s  h e r e i n  formulated f o r  determining t h e  
C l u s t e r  r o t a t i o n  angle  about  t h e  Z a x i s .  T h i s  method could 
provide  a backup means f o r  a t t i t u d e  r e f e r e n c e  i n  t h e  even t  of 
s t a r  tracker f a i l u r e .  Prel iminary a n a l y s i s  i n d i c a t e s  t h i s  
technique  i s  f e a s i b l e .  
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TECHNICAL MEMORANDUM 

1.0 INTRODUCTION 

During normal ope ra t ion  of  t h e  AAP C l u s t e r ,  t h e  
c o n f i g u r a t i o n  geometric Z a x i s  is d i r e c t e d  towards t h e  sun 
and t h e  conf igu ra t ion  o r i e n t a t i o n  about  t h e  Z a x i s  i s  such 
as t o  minimize t h e  angular  momentum accumulated by t h e  control 
moment gyros ( C M G s ) .  T h i s  o r i e n t a t i o n  can be determined by 
us ing  t h e  s t a r  tracker f o r  a t t i t u d e  re ference .  However, i n  
t h e  e v e n t  of  a s t a r  t r a c k e r  f a i l u r e ,  no backup fo r  determining 
t h e  C l u s t e r  o r i e n t a t i o n  about t h e  Z a x i s  has been def ined .  

Following is  a proposed method for  determining t h i s  
r o t a t i o n  ang le  a long w i t h  t h e  o u t l i n e  o f  a pre l iminary  a n a l y s i s .  
This  method u t i l i z e s  measurements of CMG angular  momentum 
components which r e f l e c t  t h e  e x t e r n a l  t o rques  on t h e  s p a c e c r a f t  
which i n  t u r n  r e f l e c t  t he  s p a c e c r a f t  o r i e n t a t i o n .  

2.0 SYSTEM DESCRIPTION 

The conf igu ra t ion  t o  be cons idered  moves a long  a 

Orbi ta l  midnight i s  t h e  p o i n t  g iven  
c i r c u l a r  o r b i t  and i t s  p o s i t i o n  i s  desc r ibed  by t h e  ang le  not  
from o r b i t a l  midnight. 
by t h e  dark  s i d e  i n t e r s e c t i o n  o f  t h e  o r b i t  pa th  w i t h  a p l ane  
pe rpend icu la r  t o  t h e  o r b i t  w h i c h  c o n t a i n s  t h e  c e n t e r s  o f  b o t h  
t h e  Ea r th  and sun. s l 0  i s  t h e  o r b i t  ra te  and t i s  t h e  t i m e  
measured f r o m  t h e  pass ing  of o r b i t a l  midnight. The ang le  be- 
tween t h e  l i n e  t o  t h e  sun and t h e  o r b i t  p lane  i s  termed 8 .  

The s p a c e c r a f t  is held by CMGs i n  a s p e c i f i e d  a t t i t u d e  
c h a r a c t e r i z e d  as follows: L e t  XYZ be a right-handed set o f  
mutua l ly  or thogonal  axes f ixed  i n  t h e  s p a c e c r a f t  w i t h  o r i g i n  a t  
i t s  m a s s  c e n t e r  S and l e t  ill i2, i3 be u n i t  vectors p a r a l l e l  
t o  X ,  Y, 2 r e spec t ive ly .  The Z a x i s  is  d i r e c t e d  a long  a l i n e  
from t h e  sun t o  t h e  s p a c e c r a f t  and t h e  o r i e n t a t i o n  of  t h e  space- 
c ra f t  about  t h e  z a x i s  i s  descr ibed  by - E ,  t h e  angu la r  r o t a t i o n  
about  t h e  Z a x i s  t h a t  rotates t h e  X a x i s  i n t o  t h e  o r b i t a l  
p lane .  The elements of  t h e  s p a c e c r a f t  i n e r t i a  ma t r ix  a s s o c i a t e d  
w i t h  XYZ a r d  Jnm; n,m=1,2,3. 



BELLCOMM, INC. -2- 

L e t  a second set  of r ight-handed,  mutua l ly  or thogonal  
axes X ' Y ' Z '  with  o r i g i n  a t  S move a long  t h e  o r b i t  w i th  t h e  
s p a c e c r a f t ,  having X '  a long t h e  in s t an taneous  v e l o c i t y  vector, 
Y' normal t o  t h e  o r b i t  plane,  and 2 '  a long  t h e  local ve r t i ca l  
l i n e  f r o m  t h e  Ea r th  c e n t e r  to  t h e  s p a c e c r a f t .  Uni t  vectors 
-1' n -2' n -3 n are p a r a l l e l  t o  X', Y', Z' r e s p e c t i v e l y .  

3.0 DETERMINATION OF SPACECRAFT ATTITUDE 

3.1 Only Gravi ty  Gradient  Torques Considered 

For only g r a v i t y  g r a d i e n t  t o rques  cons idered ,  t h e  
method f o r  de te rmina t ion  of  t h e  r o t a t i o n  angle  E of  t h e  space- 
craf t  about  t h e  2 a x i s  is  s t r a igh t fo rward .  Discussion o f  t h i s  
method i s  an a id  i n  p re sen t ing  t h e  more complex problem for  
which aerodynamic torques  are also considered.  

I f  aerodynamic torques  are neg lec t ed ,  t h e  equa t ions  
of motion show i n  Appendix A (Equation ( A - 6 ) )  t h a t  t h e  change 
i n  some t i m e  i n t e r v a l  of  each component of CMG angu la r  momentum 
i s  equa l  t o  t h e  i n t e g r a l  over t h a t  i n t e r v a l  o f  t h e  corresponding 
component of t h e  s p a c e c r a f t  g r a v i t y  g r a d i e n t  torque.  

Defining 

i = 1 , 2 , 3  ( 2  1 

t h e n  Equation ( 2 )  and Equations (B-3)-(B-7) can be used t o  show 
t h a t  HiG i s  a func t ion  of  o r b i t  p o s i t i o n  Q t ,  i n i t i a l  t i m e  to, 
sun ang le  f3, s p a c e c r a f t  i n e r t i a  e lements  Jnml n,m=1,2,3, and 
s p a c e c r a f t  r o t a t i o n  angle  E about  t h e  Z a x i s ;  t h a t  i s  

0 
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For the AAP Cluster, n o t  and B can be made available from the 
ATM navigation program. 
the change AHi in CMG angular momentum components can be 
measured so that the only unknown is E .  

three Equations (3) can be solved for E .  For a small deviation 
AE from a known value E ~ ,  Equations (3) can be linearized in A E  
and have the form 

Jm and to are known quantities and 

Then any one of the 

so that 

AHi-HiO 
Ac = 

Hi 1 
i=1,2,3 

( 4 )  

(5) 

It can be demonstrated that HiO and Hil have about the same 
magnitude. Then, Equation ( 4 )  shows that the variation in AHi 
for small deviations Ac is only a few percent so that measure- 
ments of CMG angular momentum must be able to distinguish these 
small variations and the values of HiO and Hil must be accurately 
established. 

Perhaps the greatest source of uncertainty of H and 
Hil is uncertainty in Jnm(n,m=1,2,3) the elements of the space- 
craft inertia matrix. Jnm might be accurately determined from 
Equations(3) provided the star tracker is operational during 
the early part of the mission. Then E is measurable and can 
be considered known in Equations (3) while Jm are regarded as 
unknowns. Equations (B-5) show that Equation (3) is linear in 
the six quantities Jnm so that Equations (3) considered at two 
different values of Q t give six linear equations which could 
be solved for the six unknowns Jnm. 

io 

0 

3.2 Both Gravity Gradient and Aerodynamic Torques Considered 

Equation ( A - 6 )  relates the CMG angular momentum 
components to gravity gradient and aerodynamic torques. 
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Then, d e f i n i n g  

-4- 

i = l , 2 , 3  

i = 1 , 2 , 3  (7) 

i = 1 , 2 , 3  ( 8 )  
AHi = HiG + Hi A 

S ince  aerodynamic torques  are t h e  l ea s t  a c c u r a t e l y  pre- 
d i c t e d ,  t h e  t h r e e  Equations ( 8 )  might be cons idered  t o  invo lve  

A f o u r  unknowns, Hi , i=1 ,2 ,3 ,  and E .  However, i f  t h e  r e s u l t a n t  
aerodynamic force on t h e  s p a c e c r a f t  i s  assumed oppos i t e  i n  
d i r e c t i o n  t o  t h e  s p a c e c r a f t  v e l o c i t y  v e c t o r ,  t h e  t h r e e  HiA are 
n o t  independent and an a d d i t i o n a l  equat ion  can be determined 
and so lved  t o g e t h e r  w i t h  Equations (8 )  f o r  t h e  s p a c e c r a f t  
r o t a t i o n  ang le  about  t h e  2 axis .  

The t h r e e  aerodynamic torque  components Ti A , i=1 ,2 ,3  

g iven  by Equations (B-12)  and (B-11) are n o t  independent of 
each o t h e r  and it can be shown t h a t  

T l A ( s 6 s e s Q o t - c c c Q o t )  + T2 A ( s B c ~ s R ~ t + s ~ c Q ~ t )  + T3 A cBsQ t = 0 (9) 0 

and f o r  sQot # 0 ,  

I n t e g r a t i n g  both sides of Equation (lo), us ing  i n t e g r a t i o n  by 
p a r t s  on terms invo lv ing  cQot/sQot,  and r e c a l l i n g  t h e  d e f i n i -  
t i o n s  i n  Equations (7) gives  
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t 
H3A = [ -sBseH1 A - SBCEH~ A + (ceH1 A -seH2 A )cSlo~/sQo~ 

A From Equation i i j  , Hi i t o j  = 0 so that 

Solution of the first two of Equations ( 8 )  for HIA and HqA and 
substitution of the result into Equation ( 1 2 )  gives 

H3A = [(AH -H G ) (cecQot/sQot-sBSe) - (AH2-H2 G ) (sEcQot/sQot+s@cE) 
1 1  

G 
]/cB (13) 

[ce (AH1-H1 ) - S E  (AH2-HzG) 1 d.r 
2 s QoT 

Placement of H3A from Equation (13) into the third of Equation 
( 8 )  yields an equation of the form 

Now the functional form of H3A is known as determined by Equation 
(13) and the functional forms of HiG are known as determined by 
Equations (B-2 ) -  ( B - 7 ) .  For the AAP missions, all the variables 
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except E in Equation (14) are known, measurable, or can be 
made available from the ATM navigation program. Consequently, 
Equation (14) can be solved for E. 

For a small deviation A E  from a known value E ~ ,  Equation 
(14) can be linearized in A E  and has the form 

G AH3 = H30 + A E H ~ ~  G + H 3 0  A + A E H ~ ~  A 

so that 

-H G-H A 
AH3 30 30 A E  = 

Again, it may be desirable to calculate values of Jnm during 
early parts of the mission when the star tracker is available. 
Then E is known and Equation (14) can be taken at six different 
values of fi t to provide six linear equations which could.be 
solved for the six unknowns Jnm. 

0 

4.0 SUMMARY AND CONCLUSIONS 

For the AAP Cluster oriented withthe geometric Z axis 
towards the sun, a technique has been suggested for determination 
of the rotation angle E of the cluster about the Z axis and a 
preliminary analysis has been outlined. Determination of E 
involves measurements of the components of CMG angular momentum 
over a time interval. Two limitations of the method are that 
either on-board or ground-based integrations of CMG angular 
momentum components are required as demonstrated by Equation ( 1 3 )  
and that the time interval of measurements and computations does 
not include either orbital midnight or orbital noon for which 
sQot=O. 
and (10) is not legitimate and the integral of Equation ( 1 3 )  
blows up. 

For these times, the transition between Equations ( 9 )  

Although the method for determining spacecraft orienta- 
tion has been shown feasible, a detailed error analysis is in 
order. Possible sources of error result from extraneous torques, 
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inaccuracies in measurement of CMG angular momentum components, 
and from the spacecraft not having a truly inertially fixed 
attitude so that Equation (A-1) is not strictly correct. 

10 2 2 -RAW- c f 

Attachments 
Appendices A, B 

R. A. Wenglarz 
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APPENDIX A 

EQUATIONS OF MOTION 

The equat ions  of motion are t o  be formulated for t h e  
s p a c e c r a f t  he ld  w i t h  i t s  2 a x i s  towards t h e  sun and wi th  a 
c o n s t a n t  d e f l e c t i o n  E about  t h e  2 a x i s .  Whi le  t h i s  o r i e n t a t i o n  
i s  n o t  t r u l y  i n e r t i a l l y  f ixed  due t o  t h e  motion of t h e  space- 
c r a f t  about t h e  E a r t h ,  t h e  motion of t h e  Ear th  about t h e  sun,  

motions are very  s m a l l  and he re in  w i l l  be considered n e g l i g i b l e .  
Then, t h e  angu la r  v e l o c i t y  us of t h e  s p a c e c r a f t  i s  considered 
zero. 

and regression, LI- L l l e  - a11yular -- --- ra tes  associated w i t h  these 

- 
S w = o  - 

The t o t a l  angu la r  momentum HT i s  made up of t h e  s p a c e c r a f t  
angu la r  momentum Hs and the CMG angular  momentum H. 

- 
- - 

S - H T = H  - + H  - (A-2)  

The t i m e  r a te  of change of  the  t o t a l  angular  momentum is e q u a l  t o  
t h e  sum of t h e  g r a v i t y  g r a d i e n t  t o rque  TG and aerodynamic to rque  
- TA, for  a l l  o ther  torques  assumed n e g l i g i b l e .  

- 

G A (Hs+g) = - T + T - ? E -  

and by Equation ( A - l )  

(A-3) 

(A-4)  
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so t h a t  

(A-5) 

where 3 i s  t h e  va lue  of H a t  t i m e  t=to. Writ ing i n  terms o f  
components i n  t h e  d i r e c t i o n s  o f  t h e  s p a c e c r a f t  geometr ic  a x i s  
XYZ 

- 
L t L 

AHi = Hi - Hio = lo Ti G d-r +lo TiAd-r (24-6) 
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APPENDIX B 

TORQUES 

For purposes of even tua l ly  expres s ing  environmental  
t o r q u e s  i n  terms of components i n  t h e  d i r e c t i o n s  of t h e  v e h i c l e  
geometr ic  axes  X Y Z ,  t h e  u n i t  v e c t o r s  g2 and fi3 associated wi th  
o r b i t a l  axes  Y '  and Z '  are expressed i n  terms of 11, i2, i3. 

where s and c preceding E ,  B ,  Q t i n d i c a t e  s i n e s  and cos ines  of 
t h e s e  q u a n t i t i e s .  Equation (B-2) may be r e w r i t t e n  

0 

n = rxil + r + rZi3 
-3 Y 2  

(B-3 )  

where 

r = c e s n  t + s E s B c Q o t ,  r = - s e s Q o t  + c e s ~ c ~ ~ t ,  rz = c ~ c n ~ t  ( B - 4 )  
0 Y X 

Grav i ty  Gradien t  Torque 

The g r a v i t y  g r a d i e n t  to rque  TG a c t i n g  on t h e  v e h i c l e  - 
can be w r i t t e n  i n  ma t r ix  form 
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where J i s  t h e  s p a c e c r a f t  i n e r t i a  mat r ix .  I n  terms of 
components i n  t h e  d i r e c t i o n s  of  t h e  v e h i c l e  geometr ic  axes  
XYZ 

TG = T1 G il + T2 G i2 + T3 G i3 - 

where T Z G  components a r e  computed by us ing  i n  Equation (B-5) 

( B - 6 )  

I 

r =  

r 
X 

r 
Y 

'L 
f r =  r 

-r 

z 

Y 

0 -r r z 

r 0 
X 

w i t h  rx, r r given by Equation (B-, 

w i t h  e lements  Jnm a s s o c i a t e d  wi th  X Y Z .  
Y '  z 

( B - 7 )  

and i n e r t i a  mat r ix  J 

Aerodynamic Torque 

Since  p r e d i c t i o n  w i t h  any great  p r e c i s i o n  of to rques  
r e s u l t i n g  f r o m  aerodynamic drag f o r c e s  does n o t  appear l i k e l y ,  
r e p r e s e n t a t i o n  o f  aerodynamic torques  w i l l  be kept  as g e n e r a l  
a s  p o s s i b l e .  The only assumption i s  t h a t  t h e  r e s u l t a n t  d rag  
f o r c e  on t h e  s p a c e c r a f t  i s  i n  t h e  oppos i t e  d i r e c t i o n  t o  t h e  
s p a c e c r a f t  v e l o c i t y  vec to r .  

Consider i n  Figure 1 t h e  i n t e r s e c t i o n  of t h e  r e s u l t a n t  
aerodynamic f o r c e  FA wi th  a p l ane  pass ing  through t h e  s p a c e c r a f t  
mass c e n t e r  S and perpendicular  t o  F . F o r  t h e  o r b i t i n g  
r e f e r e n c e  frame XI, Y ' ,  Z', t h a t  i n t e r s e c t i o n  i s  des igna ted  by 
t h e  p o s i t i o n  vector E 

- 
A 

p = yn2 + Zn -3 



FIGURE 1 -AERODYNAMIC FORCE ON SPACECRAFT 
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as shown i n  F igure  1 and s ince  t h e  aerodynamic force is  
cons idered  oppos i t e  i n  d i r e c t i o n  t o  s p a c e c r a f t  i n s t an taneous  
v e l o c i t y  vector, 

A F~ = -F n -1 - 

where FA i s  t h e  magnitude of FA. 

unspec i f i ed  except  fo r  d i r e c t i o n ,  i t s  magnitude FA and t h e  
p o s i t i o n  coord ina te s  y and z of i t s  p o i n t  of  a p p l i c a t i o n  are 
cons idered  t o  va ry  i n  an unknown manner. 

Because t h e  d rag  f o r c e  i s  - 

The aerodynamic torque i s  given by 

and use of Equations (B-1)  and (B-2) g i v e s  

(B-10)  

(B-11)  

o r  

TA = T1 A il + T2 A i2 + T3 A i3 (B-12)  I - 

I 
u 

where T1 A , i = 1 , 2 , 3  are obta ined  by comparison of  Equation (B-12)  
w i t h  Equation ( B - 1 1 ) .  (Note t h a t  knowledge of y and z i s  n o t  
r e q u i r e d  i n  t h e  determinat ion of r o t a t i o n  ang le  E as desc r ibed  
i n  Sec t ion  3.2. ) 


